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Lecture 23

Chapter 12: Forecasting the Long Term and the Short Term Jointly
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Motivation

I vector autoregressive models (VAR) are a useful tool to forecast stationary time
series

I these models are not suitable for time series that contain a unit root and thus are
not stationary

I we will next develop a new framework, vector error correction models (VEC),
specifically designed to model and forecast time series that contain a unit root
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Motivating Example 1

I in equilibrium, demand for goods and services is equal to their supply
I let Y be the production and C the demand
I economy is in equilibrium when Y = C

I and as long as the growth of production is equal to the growth of demand Y = C
will continue to hold even as Y and C grow over time
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Motivating Example 1

I suppose that some shock, e.g. weather reduces level of production, so that Y < C

I corrective forces in the economy: a new equilibrium will be achieved - excess
demand will be corrected either by decreasing demand or increasing production or
a combination of both

I in particular, in the short term, rising prices will partly correct the excess demand,
in a longer term production will gradually increase to restore the original equilibrium

I over several periods equilibrium will thus be reinstated by a combination of supply
∆Y > 0 and demand ∆C < 0 adjustments

I similar arguments can be made if the disequilibrium is an excess supply, Y > C: in
the short run, a reduction in production ∆Y < 0 and an increase in demand
∆C > 0 will remove the excess supply, pushing the economy back toward the long
term equilibrium path Y = C
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Motivating Example 2

I personal consumption expenditures C and personal disposable income I also likely
to grow along an equilibrium path

I in short run, households can use their savings or borrow to keep consumption
temporarily above the disposable income

I but this is not sustainable in the long run; thus in the long run the marginal
propensity to consume mpc = C

I
can not grow or decline indefinitely

I in other words, log
(

C
I

)
= logC − log I will be bounded and will tend to

self-correct
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12.1 Finding a Long-Term Equilibrium Relationship

I identifying long run equilibrium relationships in the data is complicated by the fact
that most of the macroeconomic time series (gross domestic product, consumption,
price indexes, interest rates, stock prices, exchange rates, . . . ) have a unit root

I when Yt and Xt are nonstationary processes (both have a unit root) running a
regression

Yt = β0 + β1Xt + zt

can lead to spurious regression problem
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12.1 Finding a Long-Term Equilibrium Relationship

I example of a spurious regression: consider to unrelated random walks
Xt = Xt−1 + εx,t and Yt = Yt−1 + εy,t

I since Xt and Yt are unrelated, we would hope that estimating the regression

Yt = β0 + β1Xt + zt

should yield β1 6= 0
I but this is not going to be the case in general - nonstationarity of Xt and Yt will

lead to a statistically significant β1
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12.1 Finding a Long-Term Equilibrium Relationship

I example of a spurious regression: consider to unrelated random walks
Xt = Xt−1 + εx,t and Yt = Yt−1 + εy,t

I coefficient β1 is highly statistically significant, its p-value is 0.0004
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12.1 Finding a Long-Term Equilibrium Relationship

I one hint that the regression is spurious: residuals will show time dependence, first
lag in PAC will be close to 1 since residuals are non-stationary

I non-stationary behavior of residuals is clearly visible also in the residuals plot

9 / 54



12.1 Finding a Long-Term Equilibrium Relationship

I the above results are not just a coincidence
I suppose that we simulate the two random walks Xt and Yt 10,000 times and each

time run a regressions Yt = β0 + β1Xt + εt
I the histogram for t-statistics for β1 is shown below - note that it exceeds ±2 far

more than 5% of times
I in fact, 85.2% of simulations result with t-statistics that exceeds ±2, making β1

statistically significant at 5% level
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12.1 Finding a Long-Term Equilibrium Relationship

spurious regression problem bottom line

I regression reveals correlation between variables
I but correlation does not imply causation
I and especially when time series are nonstationary or trending, regression results can

be meaningless due to spurious correlation
I http://www.tylervigen.com/spurious-correlations
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12.1 Finding a Long-Term Equilibrium Relationship

I if the linear regression
Yt = β0 + β1Xt + zt

is in fact a long-term equilibrium relation, Yt and Xt are tied to each other in such
a way that one cannot wander indefinitely far apart from the other

I in other words, zt = Yt − β1Xt − β0, must be a stationary process
I this is the main idea behind the concept of cointegration
I two unit root processes, Yt and Xt, are said to be cointegrated if there exist
β0, β1 such that the linear combination of these two processes
zt = Yt − β1Xt − β0 is stationary

I this can be generalized further:
if series Yt, X1,t, . . . , Xn,t are I(d) and there exists β0, β1, . . . , βn such that
zt = Yt − β1X1,t − . . .− βnXn,t − β0 is I(d− b) then Yt, X1,t, . . . , Xn,t are
said to be cointegrated or order d, b, usually denoted by CI(d, b)
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12.1 Finding a Long-Term Equilibrium Relationship

I with n variables, there can be potentially up to n− 1 long run equilibrium
cointegrating relationships

I there are two tests used for cointegration testing
I for r = 0, 1, . . . , n− 1, to test H0: of r cointegrating relationships against HA: of

more than r cointegrating relationships we use trace statistic
I for r = 0, 1, . . . , n− 1, to test H0: of r cointegrating relationships against HA: of
r + 1 cointegrating relationships we use maximum eigenvalue statistic

I results of trace and max eigenvalue test may be contradictory; if that happens max
eigenvalue test is usually prioritized
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12.1 Finding a Long-Term Equilibrium Relationship

I cointegrating relationship can contain a constant, a time trend, or neither
I the long run equilibrium between two variables can thus be

Yt = β1Xt + zt

or
Yt = β0 + β1Xt + zt

or
Yt = β0 + β1Xt + δt+ zt

14 / 54



12.1 Finding a Long-Term Equilibrium Relationship

I when testing for cointegration in economic, finance, or business time series data,
the following four specification of the deterministic components are relevant:
assuming no deterministic trend in data

I Case 1: No intercept or trend in CE or test VAR
I Case 2: Intercept (no trend) in CE, no intercept or trend in VAR

allowing for a linear deterministic trend in data
I Case 3: Intercept (no trend) in CE and test VAR
I Case 4: Intercept and trend in CE, no intercept or trend in VAR
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12.1 Finding a Long-Term Equilibrium Relationship

I as a rough rule of thumb
I when all time series in yt are non-trending like interest rates, exchange rates, inflation

rate, unemployment rate, various growth rates, we use Case 2
I when one or more time series in yt are trending, e.g. asset prices, macroeconomic

aggregates like GDP, consumption, exports, industrial production, employment, national
debt, M2 money stock, we start with Case 4 or Case 3, and can consider Case 2 as an
alternative if it does not change the results of cointegration test much

I figures on the next two slides show a typical behavior of two cointegrated series
under these four cases
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12.1 Finding a Long-Term Equilibrium Relationship
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12.1 Finding a Long-Term Equilibrium Relationship
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Application 1: Consumption Expenditures and Disposable Income

I figure below shows the quarterly time series for personal consumption expenditures
and personal disposable income, npce_q.wf1

I the log transformed series grow over time, they appear to move together, and the
gap does not appear to be getting larger

I the figure is thus similar to Case 3 should be considered for the cointegration test
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Application 1: Consumption Expenditures and Disposable Income

I to perform the cointegration test in EViews, we first need to the number of lags
that should be included in the cointegration test

I to do this first select Object → New Object → VAR, leave “VAR Type” option at
Unrestricted VAR, enter log(nPCE) log(nPDI) in the “Endogenous Variables” box
and 1955Q1 2010Q4 in the “Estimation Sample” box

I then, select View → Lag Structure → Lag Length Criteria

I Akaike criterion (AIC) suggests 5 lags, Schwarz criterion (SC) suggests 2 lags

20 / 54



Application 1: Consumption Expenditures and Disposable Income
I thus, to perform the cointegration test select View → Cointegration Test and in
“Lag intervals” box enter 1 5 based on AIC lag length; since both log transformed
series are growing, but the gap between them is not getting smaller or larger, select
Case 3 Intercept (no trend) in CE and test VAR

I both trace and max eigenvalue test reject the hypothesis of 0 cointegrating
relationships and do not reject the hypothesis of 1 cointegrating relationship
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12.2 Quantifying Short-Term Dynamics: Vector Error Correction Model
I consider two cointegrated processes Yt and Xt, with cointegrating relation
Y = β0 + β1X

I suppose that at time t− 1 the value of the processes are (Xt−1, Yt−1) and the
system is out of equilibrium with zt−1 = Yt−1 − β1Xt−1 − β0 > 0
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12.2 Quantifying Short-Term Dynamics: Vector Error Correction Model

how the system will move from t− 1 to t:

I cointegrating relation exercises a “gravitational pull”, so the system will partially
correct the disequilibrium of period t− 1 and will move toward the equilibrium path

I to reach a new point (Xt, Yt) from (Xt−1, Yt−1), X has increased ∆Xt > 0, and
Y has decreased ∆Yt < 0

I note that there is still a disequilibrium zt, but of smaller magnitude, |zt−1| > |zt|
I the system has thus partially corrected itself from t− 1 to t
I if there are no other shocks in the following periods, the system will keep

correcting the disequilibrium error until it reaches the equilibrium path, and once
there, it will not have any incentive to move out
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12.2 Quantifying Short-Term Dynamics: Vector Error Correction Model

I the above verbal description of the dynamics of Xt and Yt as they move back to
the equilibrium is the main idea behind the vector error correction model (VEC)

I the short-term dynamics of a simple bivariate VEC are

∆Yt = γ1zt−1 + ε1,t

∆Xt = γ2zt−1 + ε2,t

where again zt−1 = Yt−1−β1Xt−1−β0, so that the model can be also written as

∆Yt = γ1(Yt−1 − β1Xt−1 − β0) + ε1,t

∆Xt = γ2(Yt−1 − β1Xt−1 − β0) + ε2,t

I coefficients γ1 and γ2 are the adjustment coefficients, and indicate how much of
the previous disequilibrium error is corrected on moving from t− 1 to t

I conditions for an error correction model to be stable, so that the error term zt does
not explode but is mean reverting: γ1 ≤ 0 and γ2 ≥ 0

I an error correction model must have at least one adjustment coefficient different
from zero, γ1 6= 0 and/or γ2 6= 0
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12.2 Quantifying Short-Term Dynamics: Vector Error Correction Model
I if γ1 < 0 and γ2 = 0 adjustment only takes place in Y ,and X remains the same
I for example, if X is income and Y consumption expenditures, this would mean

that consumption drops over time if it is unsustainably high, and income remains
same over time
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12.2 Quantifying Short-Term Dynamics: Vector Error Correction Model
I if γ1 = 0 and γ2 > 0 adjustment only takes place in X, and Y remains the same
I for example, if X is income and Y consumption expenditures, this would mean that

consumption is too high, it will remain unchanged, but income will grow over time
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12.2 Quantifying Short-Term Dynamics: Vector Error Correction Model

I VEC model can be expanded to account for two additional features:
1. ∆Yt and ∆Xt may be autocorrelated
2. ∆Yt and ∆Xt may be cross-correlated

I thuis is achieved by adding lags of ∆Yt and ∆Xt to explanatory variables
I a vector error correction model or order 1 for two variables is then

∆Yt = γ1zt−1 + κ11∆Xt−1 + φ11∆Yt−1 + ε1,t

∆Xt = γ2zt−1 + κ21∆Xt−1 + φ21∆Yt−1 + ε2,t

and a general vector error correction model or order p for two variables is thus
∆Yt = γ1zt−1 + κ11∆Xt−1 + . . .+ κ1p∆Xt−p + φ11∆Yt−1 + . . .+ φ1p∆Yt−p + ε1,t

∆Xt = γ2zt−1 + κ21∆Xt−1 + . . .+ κ2p∆Xt−p + φ21∆Yt−1 + . . .+ φ2p∆Yt−p + ε2,t

I note that this system is very similar to a VAR model with an extra term - the error
correction term zt−1

I information criteria, AIC and SIC, are used to select the optimal number of lags p
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Application 1: Consumption Expenditures and Disposable Income
I to estimate the VEC model, for time series which are cointegrated, after

performing the cointegration test proceed as if you wanted to estimate a VAR, but
in the dialog window instead of selecting “Unrestricted VAR” select “Vector Error
Correction”

I make sure to select the same deterministic trend specification as before in the
cointegration test in the “Cointegration” tab

I the estimated long run relationship is logCt = 0.212 + 1.01 log It and the
adjustment parameters are γ1 = −0.143 and γ2 = −0.046
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Application 1: Consumption Expenditures and Disposable Income

I recall that for the long run relationship Yt = β0 + β1Xt to be stable and self
correcting, γ1 ≤ 0 and γ2 ≥ 0 have to be satisfied

I note that in the VEC with consumption and income, the estimated adjustment
parameter γ2 = −0.046 is negative so is not consistent with stable relationship

I note also that it is not statistically significant
I we thus proceed to test a restriction γ2 = 0 and reestimate the VEC model with

this restriction
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Application 1: Consumption Expenditures and Disposable Income
I to estimate a VEC model in EViews with restriction γ2 = 0, in the estimation

dialog window under “VEC Restrictions” tab enter B(1,1)=1, A(2,1)=0
I as shown below, the chi-square test statistic for the hypothesis H0 : γ2 = 0 is

1.393, its associated p-value is 0.2878, so we do not reject this hypothesis

30 / 54



Application 1: Consumption Expenditures and Disposable Income

I to create a forecast using an estimated VEC model in EViews click on Forecast
button or choose Proc → Forecast. . .

I the window that opens is the same as the one for Vector Autoregressive Models
I EViews will create a forecast for all variables in th VEC model, and by default store

them in time series with suffix ’_f’
I to create multistep forecasts set “Method” to “Dynamic forecast”
I to create a sequence of 1-step ahead forecasts set “Method” to “Static forecast”
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Application 1: Consumption Expenditures and Disposable Income
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Application 2: Pairs Trading

I cointegration and error correction model are used in the pairs trading strategy
I arbitrage pricing theory - if two stocks have similar characteristics, their prices

must be more or less the same
I pairs trading involves selling the higher priced stock and buying the lower priced

stock with the hope that the mispricing will correct itself in the future
I this strategy has been used on Wall Street for more than twenty years
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Application 2: Pairs Trading

I consider two stocks with log prices pi,t = logPi,t for i = 1, 2 that follow random
walk pi,t = pi,t−1 + ri,t where ri,t are the serially uncorrelated log returns

I if the two stocks have similar risk factors, p1,t and p2,t will be driven by a common
stochastic trend and cointegrated

I linear combination zt = p1,t − βp2,t will thus be I(0) for some parameter β
I the stationary series zt is referred to as the spread between the two log stock prices
I the two price series will follow error correction model[

∆p1,t

∆p2,t

]
=
[
γ1
γ2

] [
p1,t−1 − βp2,t−1 − µ

]
+
[
ε1,t

ε2,t

]
I reversion to the equilibrium requires γ1 ≤ 0 and γ2 ≥ 0
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Application 2: Pairs Trading

I since spread zt is I(0) it is mean reverting
I trade are carried out when zt = p1,t − βp2,t deviates substantially from its mean µ
I one possible trading strategy

I buy a share of stock 1 and short β shares of stock 2 at time t if zt = µ − s
I unwind the position at time t+ i if wt+i = µ+ s

I here s is chosen such that 2s > η, where η is the costs of carrying out the two
trades

I net profit is 2s− η
I a modified trading strategy: if s > η it is possible to unwind the position at time
t+ i′ if wt+i′ = µ which shortens the holding period of the portfolio

35 / 54



Application 2: Pairs Trading
I stock price data on two multinational companies, Billiton Ltd. (BHP) and Vale

S.A. (VALE), that belong to natural resources industry and face similar risk factors
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Application 2: Pairs Trading

I including 1 lag in cointegration test is suggested by SC, 2 lags are suggested by AIC
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Application 2: Pairs Trading

I the two log price p1,t and p2,t are cointegrated
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Application 2: Pairs Trading

I estimated VEC is stable, γ1 = −0.062721 < 0 and γ2 = 0.033030 > 0
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Application 2: Pairs Trading

I estimated VEC model takes form[
∆p1,t

∆p2,t

]
=
[

0.001
0.001

]
+
[

−0.062
0.033

]
[p1,t−1−0.717p2,t−1−1.821]+

[
−0.11 0.06

0.05 0.04

][
∆p1,t−1
∆p2,t−1

]
+
[
ε1,t

ε2,t

]
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Application 2: Pairs Trading

I the spread is thus calculated as zt = p1,t − β̂p2,t = p1,t − 0.717p2,t

I the mean spread is 1.821
I the standard deviation is 0.044
I given that σ̂ is quite large, it is possible to choose trading strategy by setting
s = 0.045 which yields log return for each pairs trading 2s = 0.09

I as shown in the figure on the next slide, zt moves between µ̂− 0.045 and
µ̂+ 0.045 relatively often, so there are many pairs-trading opportunities
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Application 2: Pairs Trading

42 / 54



Application 2: Pairs Trading

I note that this illustrative example is based on in-sample analysis
I a realistic demonstration would require to assess the out-of-sample performance
I identifying cointegrated pairs of stocks that share similar risk factors may by quite

challenging
I main issue: if a lot of traders exploit a particular pairs trading strategy, the two

stocks may cease to be cointegrated
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Application 3: Money Demand

I consider the money demand equation from Intermediate Macroeconomics

Md = PL(Y, i)

where Md is the demand for money, P is the price level, Y real income, i nominal
interest rate on bonds

I this theory predicts that Md in increasing when P increases, Y increases, or i
decreases
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Application 3: Money Demand

I data for Denmark, from Johansen’s study which invented the cointegration tests,
for the period 1974Q1-1987Q3

yt = (log(M2t/Pt), log Yt, it)′

where log(M2t/Pt) is log of money stock M2 deflated by price index, log Yt is log
of real income, it is the spread between bond rate and deposit rate

I based on unit root tests all series are confirmed to be I(1)
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Application 3: Money Demand
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Application 3: Money Demand

I based on the information criteria either 1 or 2 lags should be considered in the
cointegration analysis
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Application 3: Money Demand

I data suggests using either Case 3 cointegration test or Case 2 cointegration test
I regardless of the choice of Case 2 or Case 3 test, or using 1 or 2 lags

I H0 of no cointegration is rejected by both trace and maximum eigenvalue tests
I H1 of 1 cointegration relationship can not be rejected
I estimated coefficient in the cointegration relationship do not change much
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Application 3: Money Demand
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Application 3: Money Demand

I comparing the AIC and SC for VEC models with 1 and 2 lags and based on Case 2
and Case 3 cointegration shows that even though the differences are small, Case 2
with 1 lag is preferred

AIC SC
Case 2 with 1 lag -15.745 -15.150
Case 2 with 2 lags -15.607 -14.669
Case 3 with 1 lag -15.698 -15.028
Case 3 with 2 lags -15.550 -14.536

50 / 54



Application 3: Money Demand
I note: in the VEC model β2 is close to -1, γ2 and γ3 have wrong signs inconsistent

with stable long run self correcting relationship, but both are not significant
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Application 3: Money Demand
I we impose restrictions β1 = 1, β2 = −1 by entering B(1,1)=1, B(1,2)=-1
I test statistic is 0.137, p-value 0.710 so we can not reject this hypothesis
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Application 3: Money Demand
I we can impose and test restrictions β1 = 1, β2 = −1 and in addition γ2 = γ3 = 0

by entering B(1,1)=1, B(1,2)=-1, A(2,1)=0, A(3,1)=0
I test statistic is 1.025, p-value 0.795 so we can not reject this hypothesis
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Summary VAR vs VEC

I if variables yt are I(0) we don’t difference data and estimate VAR in levels
I if they grow along a deterministic trend, this trend is included in the VAR

I if variables yt are I(1) we first test them for cointegration
I if they are cointegrated we estimate a VEC model
I if they are not cointegrated we difference the data and estimate a VAR model on first

differences ∆yt
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